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Abstract: A Mocbius system is an ergodic fibred system {B,T) (see |3) de- 
fined on an interval B = [a,b] with partition {JfS)^k 6 I,#I > 2 such that 
Tx = £t+i£, X e Jfc and T\j. is a bijective map from Jj. onto B. It is 
well known that for #7 = 2 the invariant density can be written in the form 
h(x) = r ^ ."^^ where B* is a suitable interval. This result does not hold 
for #7 > 3. However, in this paper for #/ = 3 two classes of interval maps are 
determined which allow the extension of the before mentioned result. 



1. Introduction 

Definition 1. Let B be an interval and T : B ^ B he a, map. We assume that 
there is a countable collection of intervals {Jk),k E > 2 and an associated 

sequence of matrices 

ak bk 
Ck dk 



a{k) 



where detQ!(fc) = akdk — bkCk ^ 0, with the properties: 

• Ufee/ Jk = B, Jmf^ Jn if n ^ m. 

• T|,/j. is a bijective map from Jk onto B. 

Then we call {B,T) a Moebius system. 

Examples of Moebius systems are abundant. We mention the y-adic map Tx = gx 
modi, 5 > 2, g e N or the map related with regular continued fractions Tx = ^ 
modi. Another important example is the Renyi map 

T : [0, 1] ^ [0, 1] 

„ X 1^ 1 — X 1 

Tx^ ,0<a;<-: Tx = ,-<x<l. 

A Moebius system is a special case of a fibred system 5]. Since T\j^ is bijective the 
inverse map Vk '■ B ^ Jk exists. The corresponding matrix will be denoted by 



dk -bk 
-Cfe ak 
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We denote furthermore u){k;x) := \Vl{x)\ — ^"^^'Ib^^p ^ ■ Then a nonnegative mea- 
surable function h is the density of an invariant measure if and only if the Kuzmin 
equation 

h{x) = h(ykx)uj{k; x) 

k<£l 

is satisfied. 

Remark. It is easy to see that we can assume B = [a,b], B ~ [a,oo[oi B ~]~oo, b] 
but i? = R is excluded: Since > 2 there must exist a Moebius map from a 
subinterval onto _B = R which is impossible. 



Definition 2. A Moebius system {B*,T*) is called a natural dual of {B, T) if there 

ak+CkV ' 



is a partition {J^}, k & I, of B* such that T*y = y & Jk i-e- the matrix 



a*{k) is the transposed matrix of a(fc). 

Theorem 1. If (B* ,T*) is a natural dual of{B,T) then the density of the invariant 
measure for the map T is given as h{x) = J^, (jq^J^- 

Proof. Starting with the Kuzmin equation this follows from the relation 

(1 + r y) [dk - bkx) = (1 + — x) (dk - cuy) ■ 

dk - hx dk - Cky 

Details are given in j^. □ 

Definition 3. The Moebius system {B*,T*) is differentiably isomorphic to {B,T) 
if there is a bijective map ijj : B B* such that ijj' exists almost everywhere and 
the commutativity condition ijj o T — T* o holds. As an example we consider the 
Renyi map. The system 

T* : [0,cx)[-> [0,oo[ 
T*y = <y<l;T*y = -l + y,l<y 

y 

is a natural dual which is differentiably isomorphic under ^{t) — to the Renyi 
map. 

Theorem 2. // the natural dual system {B*,T*) is differentiably isomorphic to 
{B,T) thcnm^'Mf 

Proof. Assume for simplicity B — [0, 1]. Then 



,{l + xyf J„ {l + xip{z))^ 'l + xxP{l) l + xip{0)'' 

Since the invariant density for T* is given as h*{y) = we also find h{x) 
iX!pfx\ ■ Integration gives 

V'(O) + + V'(1)V'(0) - V-W) 



ip{x) 



i + xij{o) 

□ 



Remark. Note that if the natural dual system {B*,T*) is differentiably isomorphic 
to {B, T) with a map xpit) = then it follows from the proof of Theorem 2 that 
6 = c is satisfied. 
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Lemma 1. Such a map ip : B B* , ^j{t) = ^a+lt ^^^^^^ if and only if the conditions 
abk + b{dk - flfe) - dcfe = 0, /c e / 

are satisfied. 

Proof. From tp o T = T* o ^ we get the equations 

a b \ f Ok bk \ f Ok Ck \ f a b 



b d J y Ck dk J ^ \ bk dk ) \ b d 

with a constant p 7^ 0. If aok + bck 7^ or bbk + ddk 7^ then p = 1 and the equation 
abk + bdk — Okb + Ckd remains. If aok + bck — and bbk + ddk = then we see that 
= 1. Only the case p = —1 needs to be considered. We obtain the equations 

aok + 6cfc = 

bbk + ddk = 
abk + b{ak + dk) + dck ^ 0. 
A non-trivial solution exists if 

(a/c + dk){bkCk ~ Okdk) = 0. 

Since detQ;(fc) 7^ we obtain Ok + dk ~ Q. But then a(fc)^ — {a^ + bkCk)l. This 
means that T^x = x on Jk which is not possible. Therefore only p ^ 1 remains. □ 

Remark. Let / = {1, 2} then the system of two equations 

abk + b{dk ~ Ok) - dcfc = 0, fc = 1, 2 

is always soluble. This explains the result given in 4]. Note that the degenerate 
case that B* reduces to a single point carrying Dirac measure is included. This 
happens for Tx = 2a;, < x < i; Tx = 2a;— l,^<a;<l. Then formally we obtain 
two branches T*y = 2y and T*y ^ Here B* = {0} and h{x) = 1. 

Remark. Haas Q constructs invariant measures for a family of Moebius systems. 
It is easy to verify that in all cases {B, T) has a natural dual {B*,T*) which explains 
the invariant densities given under corollary 2 in 0. 

Definition 4. A natural dual system {B*,T*) which is not differentiably isomor- 
phic to {B,T) is called an exceptional dual. We will first give an example of an 
exceptional dual. We consider a special case of Nakada's continued fractions 3]. 
Setting 

-l + Vb , ,,1, ^ 

5 = ^ ,k=[ - +1-9] 

2 x 

B = [g ~ l,g]; Tx = k,x > 0; Tx — k,x < 

X X 

then we consider the equation 

"0 o T2 o r_3 o r_4 = T2 o Tig o TZ^ o tp. 

However, the equation 

^b d)[ii 3 )^P[n -s)[b d j'IH = i 

leads to a = & = d = 0. 
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In this paper we will consider in more detail the case / — {1,2,3}. To avoid 
complications with parameters we fix the partition asO<^<|<l. Note that 
a different partition would give a Moebius system which is not isomorphic by a 
Moebius map ip{t) = 



2. DifFerentiably isomorphic dual systems 

It is easy to see that on every subintcrval [0, ^] , , |] , [| , 1] we can choose a fractional 
linear map depending on one parameter A, /i, ly say. Furthermore, T restricted to one 
of these subintervals can be increasing or decreasing. We call T of type (ei, e2, es) 
where ej = 1 stands for "increasing" and ej = — 1 for "decreasing". The parameters 
satisfy the equations 

ei det a(l) = A, €2 det a(2) = /i, €3 det a(3) — v. 

By the choice of the parameters A, /;,, v we have A > 0, /i > 0, and v > {) but duo to 
the fact that no attractive fixed point is allowed some additional restrictions hold 
e. g. < A < 1 if ei = 1 or 1 < J/ if £3 = 1. 

Now let us assume that a natural dual {B* ,T*) exists. Then the branches of T* 
corresponding to the parameters A,/i,i^ could appear in six possible orders from 
left to right. More precisely, if J\,J^, Ju are the intervals such that T* is defined 
piecewise by the matrices a\, 0.2,0.^ then the three intervals Jx,J^,Jv could be 
arranged in six possible orders, namely Xnf, ufiX, Ai//i, fiuX, i^Xv, uXji. 
We give a list of the matrices a, (3, and /?*. 



ei = l 

A 1-2A 
1 
ei = -1 

-1 -A + 2 
-1 2 
e2 = l 

2/i - 1 2 - 3/i 
-1 2 
e2 = -l 

/i - 2 3-2/^ 
-2 3 

e3 = l 

v-2 -v+i 
-2 3 
e3 = -l 

2v-l l-iv 
-1 1 



1 2A- 1 

A 

2 A - 2 

1 -1 

2 3^-2 

1 2/i - 1 

3 2^-3 

2 iJL-2 

3 v-Z 
2 iy-2 

1 iv-l 

1 2u-l 



1 
2A- 1 A 



2 

A-2 



1 

-1 



2 1 
3/i-2 2/i-l 

3 2 
2/i -3 11 -2 



3 2 
v-i v-2 

1 1 

iv-l 2v-l 



Lemma 2. The natural dual [B* ,T*) is differentiably isomorphic to {B,T) if and 
only if the following condition C holds. 

bi di — ai ci 
62 d2 — a2 C2 
bs ds - as C3 



Proof. This is clear from Lemma 1. 



□ 
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Lemma 3. If [B* ,T*) is differentiably isomorphic to {B,T), then only the orders 
Xnv^vjiX can appear. 

Proof. Since ^(t) = is either order preserving or order reversing the assertion 
is immediate. □ 

Theorem 3. If the natural dual {B*,T*) has the order X/My or i^fiX, then {B*,T*) 
is differentiably isomorphic to {B,T). In other words: No exceptional dual exists 
with orders Xfiu or vfiX. 

Proof. The proof considers all types (€1,62,63). It first lists the form of condition 
C and then the 'boundary conditions' which means that the three maps of T* fit 
together to form a Moebius system. 



Type (1,1,1) 



v;:^ = v;^ = y;c7, v:^ = y;<7, a = v:cj. 

Then we find 2A — 1 + A^ = ^ which gives 2A — 1 = ^(1 — A). Furthermore 

J/ - 3 + (1/ - 2)(7 

(7 = 

3 + 2(T 

20-2 + a{-u + 5) - z/ + 3 = 0. 

If a = -1 then V;a = fi - 1, V^a = A - 1, V^^ = Xfi + // - 1, V*^ = 

Hence we obtain the equations A/x + /it = A, Xfi + n = Xv which show v = 1 and 

2Xn + 2^J^ = Xv -\- X. 

Therefore we concentrate on a = 

Then we calculate V*£^ = n + Xjx — ly^a = ^+^^-'^ from which we again arrive at 
2A^ + 2^l = Xv-\-X. 



Type (1,1,-1) 



X^ + li = Xv + X + v 

= v;£, = y;/3, v:f3 = v;p, v:^ = p. 

We find again 2A - 1 = ^(1 - A). Then we calculate V*S, = /j. + X/j, - 1, V*^ = 
Aid^ = j3,V*/3 = Xu + X + u-laiidwe see that iJ,X + fi-l = uX + X + u-l 
which is condition C. 



Type (1,-1,-1) 



2Ai^ + X + 2iy = n 

We find again 2A - 1 = ^(1 - A). Further we calculate V^S, = = (iy*f3 = 

2\,.+2u-i y*^ ^ B^^_ This shows n-X = 2Xiy + 2v. 
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Type (1,-1,1) 



Xv = H 

As before 2A - 1 = ^(1 - A) and further calculations show V*^ = 

K/*^ = ~^x+i~^ hence Xv = ii. It is easy to see that V^a = V*a gives the same 
condition. Note that cr = — 1 corresponds to v = 1. 

Type (-1,1,-1) 



2A/X + IJL = 2Xv + A 

Then a = V^V;;a. and we obtain o?{\ + 2i/) + q;(5j/ + 2-A) + 3:/-A+1 = 0. 
Therefore a = -1 or a = if ^ = -^-h^-^-i then V?a = ^1+2^'-'-'- and 

V^a = ""'""'^j^^'^'^'^'''^^"^ which gives immediately condition C. If a = — 1 then P — 00 
and an easy calculation gives V^*a = A- 1, V*a = ^- 1,V*P = 2v-l, V*(3 = 2/^-1 
which shows X = ii = v. 

Type (-1,1,1) 



4/iA + //,;/ + /i = Az^ + 1/ 
y^V = a, = y^*a, V*(t = V*a, V*a = a. 
-1 or (T = ^i^. If (T = — 1 then a = A - 1, V^a = y^'^m*^ 



As before a 



TTa^' ^1^*" = 1+2 a" ' ^/To" = A*- 1- Hence \i^2X\x = A, At + 2AAt = Xv which 
implies i/ = 1 and C is satisfied. 



If cr = then calculation gives 

2A - 1/ - 1 4A/X + /iz/ + /X 
a = — , a = ox I ., I 1 1' a 



2X + V + 1 
2Xv 



Xv + X 
2A + + 1 



-1, 



4A + 1/ + 1 
hence Az^ + A = + 4Ay^ + ji. 



2/iz/ 



Type (-1,-1,1) 



2Xv = 2Xn + fiv + fi 

V^a = a, V;a = V^a, V;a = T^a, V: a = a. 

If cr = —1 then ct = A — 1. Calculation shows V^a — TTIi ^^l'^ = M — 1, = 
,V*a = ^''2A+i~^ ■ This gives A = + A^t, Az/ = /z + A^t and z/ = 1 as 
expected. Condition C is satisfied. 

Now suppose a = the a similar calculation shows again that condition C is 



Differentiable equivalence 



243 



satisfied. 

Type (-1,-1,-1) 



AXu + X + i' = fj,u + Xfi + fj, 
= a, V;i3 = V^a, V^a = O, = /?. 
Since a = V^V*a, we obtain 

a^(l + 2z/) + a{bv - A + 2) + 3z/-A + l = 0. 

If a = -1 then /3 = oo,V*a = A - l,V';/3 = V*a = /x - l,V;/3 = 2;/ - 1. 
therefore v = X and fi = 2X. Condition C is satisfied. 

Now let a = ^2v+i^ ■ ^^^^ (A — i/)/3 = 2i/ + 2!/A — A. Furthermore we obtain 



1 + X + iy X + i' + AXu 

_ -1 + H + HU + XH-2X t/ + 4Ai/- A - 1 

2A + 1 ' 2A + 1 

Prom y^*/3 = V^a we obtain jq:i:p^ = x+^%x^ and from F^q = V*p we get 
— l + /U + /iz/ + A/i — 2A = z/ + 4Az^ — A — 1. Both equations lead to condition C. □ 



2. Exceptional dual systems 

Exceptional dual systems exist for some orders. A full discussion of all possible 
cases is not only lengthy but also of limited value since the method is similar in 
all cases. Therefore we give some examples for existence and non-existence of such 
systems. 
Type (1,1,-1)" 

Orders Xv/j. and fxi/X 

^ = v;;^, v^^ = y;7, = 7 = v;^ 

We find ^(1 - A) = 2A - 1 as before. Then V^^ = £+4pA, v*^ ^ iiX + ii-1. This 
gives the equation v + uX = fj,}? + /uA and eventually v = /uA. Prom V*^ = 7 we 
find that 

7^ + 7(3 - 2m) - 3/i + 2 = 0. 
We use y^*7 = 2A - 1 + A7 and V;^ = '^'''^+^^''^^^' and find the equation 

7^A + 7(3A - 2v) + 2A - 3z/ = 0. 
Comparing both equations we find again v = Xfi. 

Type (1,1,^ 

Orders fxXp and vX^ 



7 = ^;7, v^-y = v;f3, = 1^/3, y;7 = P 
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Again we obtain 

72+7(3-2/x)-3/i + 2 = 0. 
Therefore 7 7^ -1. Prom V*-i /3 we obtain /3 = -1 + 

The equation V^-f = V*P gives /3(2/i-2A-A7) = -3^J,+AX+2XJ. If 2/X-2A-A7 = 

then — 3/i + 4A + 2A7 = which gives = 0, a contradiction. 

Therefore 

+ -i{2v - l))(2At - 2A - A7) = (1 + 7)(-3Ai + 4A + 2A7) 
which gives the equation 

7^(A + 2Xv) + 7(3A - n + TXu- A^u) - /x + 2A - + &Xv = 0. 
Therefore 

3A - /u + 7Xv - Afxv -/X + 2A - 6/ii/ + 6A!/ 

3 — 2it = r — , — 3u + 2 = — . 

^ X + 2Xv ' A + 2Azv 

From this we get 

AXfiv + Xu — Afiv + 2A/X — /U = 0, 6A/iz/ + 2Az^ — &iiv + 3A/i — = 0. 

EHminating A/iz/ we obtain Xv + = Q which is a contradiction since X,ii,v > 0. 
Therefore no exceptional system exists with this configuration. 
If one uses V^(3 = V*(3 one gets the equation 

0^X + (3{3X - 2iy) + 2A - 3i^ = 0. 

If we insert 7 = — 1 + in the quadratic equation for 7 we obtain a second 

equation for (3 which leads again to /x + z/A = 0. 

Let us give another example of an exceptional dual system with an unforeseen com- 
plicated condition. 



Type (1,1,1) 



Orders Xv/j. and fxuX 

^ = v:^ = v^-y, y;7 = 7 = v;^ 

We find again ^(1- A) = 2A-1 and 7^ +7(3- 2/k) - 3/x + 2 = 0. Note that 77^^. 
Calculation gives 

T J. Xu — A — 1,-j- 

= ^^-^ ,V;7 = 2A - 1 + A7 

v;^ = Xh + h-i,v:j = — 

Equating V*^ = V^j gives 7 = -1 + "-^-^ and V*-/ = V*£, gives 7 = -1 - 



From this the condition 



2X^u + 2^u + Xv + v = + 2fiX + jj,)? + /x 

follows. If we use (7+l)2 + (7+l)(l-2/x)-/x= and substitute 7 + 1 = "~xXi^ we 
get the same condition. As the example X = ^, = u = 2 shows this condition 
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can be satisfied easily. 



Type (1,1,1) 



Orders uXfi and fiXu 

a = KV, V^*a = F;7, V^a = ^^7, 7 = V;^ 
We get 7^ + 7(3 - 2;u) - 3/z + 2 = 0. From V^a = V*j and V*a = VJ^j we calculate 

= ~ + 3A + 2A7 ' " " " 2m - 2A - A7 
and eventually we get 

-f^Xiy + 7(3Ai/ + 2A/X - 2iJiy) + SX/i - 2iiiy + 2Xv = 0. 



Therefore comparing the coefficients of the quadratic equations for 7 we get 3— 2/i = 
3/i = 2 + ^^^^-^^^^ which shows jiv = 0, a. contradiction. 



O I 2Xfl — 2flU rf 



Type (1,-1,-1) 



Orders uX/j. and /^Az/ 

^ = '5 = v;s, v:p = v^p, (3 = v:6 

Therefore V*V*(3 — (3 which gives the quadratic equation 

/3V + /5(3m - 2j^/i - 2i/) - 4ui2 - 3i^ + 2/x = 0. 
The equation V*P = V^(i gives 

13^ X + /J(3A - 2z/) + 2X-3u = 0. 

Therefore 

2li-2vn-2v 3X-2u -Avii-3v + 2ii 2X-3v 



A 



A 



and then 



vfiX + vX = nv, Ai/fiX + SuX = Siiiy. 
Hence vfiX = 0, a contradiction. 



Type (1,-1,-1) 



Orders Xv/j. and fiuX 

^ = y;^, v^5 = v:5, = v;5, s = 

We note ^(1 - A) = 2A - 1, V;^ = -1 + V*^ = 5 = -l + The equation 

V^5 = V*5 gives 

S^X + 5(3X - 2u) + 2A - 3i^ = 0. 
If one inserts J = — 1 + we get 

jjL^X + fiX^ + ijlX = 2viiX + vX^ + 2uiJL + 2Xv + v. 
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We further calculate V*d = -1+ \^+^'"^'+/' . The equation V;^ = V*5 = -1 + 
gives the same condition. Therefore exceptional systems exist. An example is given 
by A = 1,^ = 4,1/ = |. 

Type (1,-lTTy 
Orders Xvfi and jivX 

e = v^s = v:6 = v;s, s = v;^ 

Calculation gives ^(1 - A) = 2A - 1, 5 = -1 + j^. The condition V*5 = V*5 gives 
1/ = but the condition V^5 = V*^also leads to A^ + A^+A = Xv. Since A > 

this is an equivalent condition. Examples are easy to find {X — 1, ^ — 1, ly — 3). 

Type (1,-lTTy 

Orders iiXiy and i/Xfj, 

v;s = v;:s, v;a = s, v;s = v^a, a = v;a 

We obtain a — or a = —1 (which is formally included for u ^ 1) and 6 ~ 
-1 + The equation VJS = V^a gives X{iy+l){iy + fi + ^v) = fj.u{v + l). Since 

+ 1 > we obtain X{i' + /Lt + nv) = jiv. The equation V*5 = V^5 leads to the 
same condition. An example is given hy X — \, ^ — ^.v — \. 



3. Closing remarks 



The question remains what can be said about a suitable dual system {B* ,T*) 
(see 1^ for the general notion of a dual system) if no natural dual system exists. 
The following conjecture seems reasonable. There is a closed set B* such that 
[B* , T*) is a fibred system where T* is piecewise defined by the transposed matrices. 
Generally, the set B* supports a 1-conformal measure (see e.g. and 0). This 
property is based on the fact that the equation 

tJ*(fci, ...,ks;y) _ 1 

holds. In the case of a dual Moebius system B* is an interval and this measure 
clearly is Lebesgue measure. However, there exist examples where B* is a union of 
infinitely many intervals. We give one such example. 



B = [0, 1] and 



Tx = 




B* = U^o]2fc,2fc + 1] and 



— , if^<a;<l. 



Ty 



-y + 2, ifyGUr=i]2fc,2fc + l], 

y J -'^ w ^ UA:=oJ 2fc+2 ' 2fe+lJ' 

y ) y Ufe=oJ 2fe+3 ' 2fc+2J- 
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Therefore the invariant density for T is given as 



oo 



2k + 1 2k 



l + (2A: + l)a; 1 + 2kx 



)■ 



I want to express my sincere thanks to the referee whose advice was very helpfuL 
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